The phenomenon of resonant energization of a relativistic quantum particle, moving in unison with an intense ElectroMagnetic Wave, is demonstrated in a semiclassical calculation. The wave nature of the quantum particle is of essence because the resonant process originates in wave-wave interaction-between the classical EM wave, and the quantum wave associated with the particle. When the energy /momentum of the quantum wave satisfy the resonance condition (the effective phase speeds of the two waves are equal), the particle, drawing energy directly from the intense EM field, could acquire extremely high energies Such a direct resonant energy transfer from intense Electromagnetic waves will constitute a hitherto unexploited mechanism that could power the most energetic of cosmic rays. Some predictions of the theory will, hopefully, be tested in the laboratory Laser experiments.
Let us begin with a deep but relatively trivial realization that the "group velocity" of the "quantum wave" associated with a relativistic particle (with the energymomentum relation, E 2 = c 2 P 2 + m 2 c 4 ) v p = ∂E ∂P = c 2 P E = c P (P 2 + m 2 c 2 ) 1/2 (1) tends to approach c as the particle momentum becomes much greater than its rest mass. Under appropriate conditions, then, such a particle could resonantly exchange energy/momentum with a propagating electromagnetic (EM) wave. This direct ( and persistent) transfer of energy/momentum from a very high intensity EM wave to the resonant particles could drive them to extremely high energies.
It is suggested that, in a cosmic setting where relativistic particles find themselves in the vicinity of an intense source of EM energy (emanating from some cataclysmic event), most energetic of cosmic rays could be generated by this mechanism.
What is remarkable is that the principal qualitative, and some quantitative aspects of this possible spectacular phenomenon can be derived, illustrated and demonstrated in a simple straightforward semi-classical calculation (describing the particle quantum mechanically while the intense EM wave is treated classically). The quantum treatment of the particle dynamics is crucial since the entire phenomenon results from the interaction of two waves -the EM and the quantum wave associated with the particle.
Needless to say there are any number of high energy laser laboratories that are equipped to test the fundamental predictions of Resonant energization. I will propose an appropriate experiment in the concluding part. * Electronic address: mahajan@mail.utexas.edu I will get straight to this demonstration using the theoretical framework developed in a recent paper [1] that attempts to build "A Statistical Model for Relativistic Quantum Fluids interacting with an Intense Electromagnetic Wave" based on the solutions of the eigenvalue problem embodied in the relativistic quantum equations -the Klein-Gordon (KG) and the Dirac equation-in the presence of a given arbitrary amplitude EM wave. It is important to point out that the literature is quite full of exact and approximate solutions similar to those described in MA-16. In fact, the attempts to solve the KG-EM and Dirac-EM systems began almost ninety years ago [2, 3] . The Volkov vacuum solution of the Dirac-EM system become the reference for a variety of later papers in which the solution was extended to a plasma [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] ; aside from Volkov-type results, other solutions have also been derived for these systems [16, 17] . There is considerable overlap between the KG/Dirac solutions presented in [10] and MA-16 (the scope of MA-16 is much larger than just the solutions of the wave equations -it is the "construction" of a relativistic quantum fluid based on these solutions) that both could be considered basic references for this note.
Despite the fact the Resonant solutions (the subject matter of this paper) were implicitly present in [10] , MA-16 (and perhaps other works), no one, including this author, noticed/emphasized their special and amazing nature; these eigenstates, with highly boosted energymomentum, are a unique expression of a resonant wavewave interaction-between the quantum KG (Dirac) wave and an intense classical EM wave propagating together. This paper is dedicated to delineation and explanation of this remarkable resonance and predicting some of the consequences of these boosted energy states.
Before presenting the structure of the wave-wave resonance energization, it must be pointed put the acceleration of particles (including the so called Direct laser Acceleration (DLA)) in intense laser fields is a very highly/deeply investigated subject (theory and simulation) [18] -Though highly impressive, these representative papers focus on solving the Lorentz equation of a classical particle in the EM field. The phenomenon that we are about to dwell in this paper, however, is dictated by the quantum (wave-like) behavior of the "particle", and is not readily accessible to purely classical treatments mentioned above. So the vast literature on laser induced acceleration is not directly relevant to the content of this paper.
Although the solutions of the Dirac equation are considerably more complicated (and richer) than the KG solutions, the essence of the phenomenon of resonant energization, barring some inessential details, can be fully captured in a KG analysis. I will, therefore, present only the much simpler KG calculation in some detail and simply state the corresponding results for the Dirac system. For analytic simplicity, the EM wave is assumed to be circularly polarized. The contra-variant components of electromagnetic four potential A µ of a CPEM, propagating in the z-direction, are (The Minkowski signature tensor η µν = diag[1, −1, −1, −1])
where A is its constant amplitude, and the four wave vector k µ = [ω, 0, 0, k] in the lab frame. Notice that k µ A µ = 0 = k · A, and the Lorentz invariant A µ A µ = A 2 has no space time dependence; it is the latter property that makes CPEMs most amenable to analytical calculations. The CPEM electric E = (ωA(ê x sin(ωt − kz) + e y cos(ωt − kz))) and magnetic (B = kA(−ê x cos(ωt − kz) +ê y sin(ωt − kz))) fields imply a constant Poynting flux (E × B = kωA 2ê z ) along z.
For most details the reader is referred to MA-16. The KG equation for a particle of rest mass m and charge q, interacting with the electromagnetic field (h = 1 = c), is given by
is the energy momentum four vector of the particle. For the CPEM of (2), Eq.(3) expands as
is the field-renormalized effective mass, a concept of great significance emphasizing that the EM wave contributes profoundly to the effective inertia of the quasi-quantum particle (QPF) born out of the KG/EM union. Equation (4), then, can be viewed as the wave equation of the QPF of mass M, still in interaction with the CPEM through the term proportional to qA.
Out of the four space-time dimensions, the two space dimensions orthogonal to the propagation direction (z) are ignorable. We can, then, define the independent Fourier mode Ψ(x, y, z, t) = e iK ⊥ (cos ϕx+sin ϕy) ψ(t, z)
that obeys
sin ϕ, and the phase ϕ has been eliminated in a trivial redefinition of the variable z. One notes:
• The perpendicular momentum K ⊥ is a good quantum number. Thus A and K ⊥ are simply specified numbers.
• The QPF dynamics (6), just like the EM dynamics, is controlled by the hyperbolic wave operator (∂ 2 t −∇ 2 ) -the analogous mathematical structure is precisely what can make the two waves resonate; it provides the necessary condition for the existence of the resonant wave-wave interaction, the principal mechanism for energy transfer. Evidently, such a phenomenon will be hard to recover for classical particles.
• the dependence of the interaction term in (6) on z and t implies that neither the energy (E) nor the z-momentum (K z ) of the QPF is a constant of the motion. We will, later, define the respective expectation values, < E > and < K z >.
• The explicit interaction term in (6) vanishes for K ⊥ = 0. In this limit, both E and K z become good quantum numbers, and (6) allows the exact solution
provided the EM-field modified relativistic dispersion relation
is satisfied. This exact result, though rather simple, is quite noteworthy: When the motion of the quantum particle is limited to the direction of the EM propagation, the particle "energy" increases by q 2 A 2 over its field-free value; no other discernible change can be seen. This special solution will be used as a Fiducial /Reference Solution in the rest of this paper.
Of all the classes of solutions accessible to (6), I will concentrate here only on those that have a direct bearing on the resonant energy exchange between the two waves -the quantum particle wave, and the classical EM wave. Though the phenomenon of Resonant Energization has some similarities with another well known resonant process (called Landau damping in plasma physics [19] ), it is quite different in its nature, context, as well as in its consequences. Landau damping is generally a linear process, caused when a self consistently generated wave (often electrostatic) damps on a "conventional" classical particle (imparting energy to the particle in the process); both the wave and the particle are strictly classical. In the Resonant Energization process, reported in this paper, the energy exchange takes place between two waves: the quantum KG wave and the classical EM wave. As pointed out earlier, the mathematical roots for the resonant energy exchange lie in the hyperbolic wave operator (∂ 2 t − ∇ 2 ) that controls the dynamics of both the KG and the Maxwell equations.
The best route to finding the resonant solution is to stipulate that ψ depends on t and z through the combination ζ = (ωt − kz), the phase factor of the EM wave. Equation (6), then, converts to (ψ = ψ(ζ)) (9) is a simple Mathieu equation and can be rigorously analyzed. However, a physically motivated "approximate" analysis is much more accessible and transparent.
The most striking characteristic of (9) is that the highest derivative term is multiplied by ω 2 − k 2 ; this coefficient is strictly zero for an EM wave propagating in vacuum. In that case, the exact system allows only the trivial solution ψ = 0. However, if the EM dispersion relation were of the form ω 2 −k 2 = w 2 with w ≪ ω (as for a tenuous plasma), Equation (9) is a perfectly well-defined but a singular differential equation-singular in the sense that it will support a solution for which d 2 ψ/dζ 2 is sufficiently large to balance the other terms. Since large dψ/dζ implies larger energy and z-momentum, this will constitute the Resonant solution that we set out to seek. I will now give much needed details to complete the picture.
Let us first study the K ⊥ = 0 (the fiducial case) limit of (9) [λ → 0, µ → m 2 + q 2 A 2 ]. From the (exact) positive energy solution,
one readily calculates the particle energy, and zmomentum
We have put the symbols <> around E and K z to emphasize that we are dealing with expectation values despite the fact in the limit of K ⊥ = 0, both energy and momentum are exactly conserved.
Evidently, both < E > and < K z > become very large as ω → k; the explicit expression of the energy/momentum enhancement (boost)factor
is one of the more important technical result of this paper.
It may appear somewhat odd that the two exact solutions (7)- (8) , and (10)-(12) of the same (K ⊥ = 0) equation seem to look so different. I will now show that the solution (10)-(12) is entirely consistent with (7)-(8) but has deeper content. From (11) and (12), one may readily derive
exactly the same energy-momentum relationship as in (8) . This, of course, had to be true -it is simply the generic relativistic energy momentum relation in the presence of a CPEM. But the remarkable attribute of the solution (10)-(12) is that we have been able to calculate explicit, independent expressions for both < E > and < K z > where as (7)-(8) is limited only to the energymomentum relationship (8) . It is these explicit formulas that demonstrate the fundamental phenomenon of resonantly boosted energy/momentum of the QPF; the calculation yields an explicit expressions for the boost factor E b to boot! Further insight into the deeper content of the solution (10)-(12) is obtained when one finds that the ratio of the QPF energy to its z-momentum,
is exactly equal to the ratio of the energy of the EM wave to its z-momentum; one could hardly imagine a more compelling signature of a resonant phenomenon! The equality (15) leads to the same exponents in (7) and (10) establishing formal equivalence. I will now briefly deal with the full equation (9) to derive somewhat detailed structure of the Resonant Solution that reduces to (10)-(12) in the limit K ⊥ = 0 = λ. Let us recall that the resonant energy (measured in units of the rest mass m) E(K ⊥ = 0) = (m 2 + (qA) 2 ω/ √ ω 2 − k 2 is much greater than unity which means that the ζ variation contained in (10) is much stronger than the ζ variation of the interaction term (cos ζ) in (9) . This suggests a WKB analysis (see MA-16) but we will follow a simple perturbation approach to show that the essentials of the Resonant solution are already contained in (10)- (12) . Let (see the definition of µ following (9))
where ψ s (ζ) represents the slow variation [compared to the eikonal, i.e, (dψ s /dζ)/(ψ s ) ≪ S = µ/(ω 2 − k 2 )] of the wave function. Substituting (16) into (9) and neglecting d 2 ψ s /dζ 2 , we derive
that integrates to
from which it is trivial to verify that dψ s /dζ = |α| ≪ S even when K ⊥ is not small. Thus the approximate but complete solution ψ s = e −iSζ+iα sin ζ = n J n (α)ψ n , ψ n = e −iEnt+iKznz (19) appears to be a sum of n terms. The nth component occurs with a weight J n (α) and has characteristic energy and z-momentum,
Since µ/(ω 2 − k 2 ) ≫ 1, E n (K zn ) can differ substantially from < E > (< K z >) only for very large n where the Bessel functions tend to be rather small for moderate values of α. Extensive numerical solutions of the Mathieu equation (9) reveal that apart from some minor modulations (evidently reflecting the higher n components discussed above) the basic structure of the Resonant Solution is well represented by the set (10)- (12) with the eikonal S going from µ/(ω 2 − k 2 ) towards (µ + λ)/(ω 2 − k 2 ) as K ⊥ becomes larger, and λ approaches µ
In order to advance further, we must find a reasonable evaluation/estimate for w 2 = (ω 2 −k 2 ), the quantity that controls the energy amplification factor of the Resonant solution. Remembering that in this analysis, the arbitrary amplitude EM wave is not only externally specified but it has also been treated as a monochromatic wave with ω and k as parameters determining the wave phase. In vacuum propagation w = 0, and the preceding analysis has to be redone. But let us assume that the CPEM wave is passing through a charged gas (plasma) of weakly interacting QPF so that the induced current can be calculated simply by summing the individual contributions of these KG particles. We can, then, find the self-consistent solution of the Maxwell equations to determine the dispersion relation obeyed by the EM wave ; this dispersion relation, would relate ω and k. For the relativistic KG plasma (with rest frame density n R and temperature T), such a dispersion relation was calculated, for instance, in MA-16 (Eq. 46),
where ω p = 4πq 2 n R /m is the invariant (rest frame) plasma frequency, and Γ th (= K 2 (g)/K 1 (g) > 1 for a relativistic Maxwellian plasma) signifies the thermal enhancement of the particle inertia. The argument g = (m 2 + q 2 A 2 )/T is the inverse of the normalized temperature-but normalized to the field enhanced inertia of the QPF and not to the bare rest mass. In the rest of this paper, Γ th = 1. The dispersion relation (21) gives us the necessary input to derive explicit expressions for normalized energy( Γ) and normalized z-momentum (K) (with K ⊥ = 0) fully in terms of the "specified " quantities (plasma density, Intensity and the frequency of the CPEM field)
(23) The EM field boosts up the normalized energy and zmomentum through two distinct processes: 1) by contributing, non-resonantly, field energy to perpendicular kinematic energy (the first square bracket), and 2) through the resonant enhancement epitomized in the factor [1 + q 2 /A 2 )/m 2 ] 1/4 ω/ω p ; the latter can become arbitrary large (even for moderate values of qA/m) since in many cases of interest, ω ≫ ω p . There is an equally spectacular gain (through the combined effects of the resonant and non-resonant energization) for strong EM fields (qA ≫ m), the normalized energy eventually going up as (qA/m) 3/2 .
It is, perhaps, worthwhile to reiterate that the only those QPF waves that satisfy the resonant condition < E > / < K z >= ω/k (propagating in unison with the EM wave along z direction) will, preferentially, gain large amounts of z-momentum from the EM wave. And it is this gain that translates into a commensurate gain in QPF energy while maintaining the relativistic energy momentum relationship < E > 2 =< K z > 2 +K 2 ⊥ + M 2 where M 2 = (m 2 + q 2 A 2 ) reflects the field-modified effective mass.
Let us now put in perspective the straightforward (almost effortless) demonstration of the rather spectacular phenomenon of direct resonant transfer of energymomentum from an intense EM wave to a relativistic quantum particle. Of course, the reverse process of the EM wave gaining energy from the relativistic particles ( analogue of Landau Growth) is, theoretically, just as possible under appropriate conditions. An interesting example of the inverse mechanism at work can be seen in [20] where an EM wave is shown to feed off the free energy in a sheared velocity field. I will, now, spell out the basic assumptions, develop an overall scenario, and state the most important potential consequences of this work:
• Although the calculations presented here were derived for arbitrary parameters ( m, qA, ω, k, < K ⊥ >-), they are, subliminally, geared towards highly relativistic particles and intense EM fields, i.e, < E > /m ≃< K z > /m ≫ 1, and qA/m ≫ 1.
For typical EM waves of interest (Intense Optical Lasers, for example), on the other hand, the energy " per quantum" (normalized to , say, the electron rest mass) is rather small: ω/m ≃ k/m ≪ 1); clearly the typical particle or field energy is much much larger than ω. These ratios and the and the enhancement factor (1 + (qA/m) 2 ) 1/4 ω/ω p ≫ 1 are needed to estimate the "extent" of resonant energization.
• Since no energy inventory is presented, it is assumed that the EM wave acts as an intense constant energy pump. Such a situation could, readily, be created in very high energy laser experiments. One can also imagine that this calculation will pertain to super strong energization of cosmic ray particles that happen to be in the vicinity of a cataclysmic event (colliding blackholes, for example) that is accompanied by prodigious emissions of electromagnetic energy. Since the basic mechanism is the resonance between a class of relativistic particle-waves and a wave that propagates essentially with the speed of light, it is hardly a stretch to conclude that intense gravitational waves ( produced again in some cataclysmic event) could just as well substitute EM waves.
• The quantum wave investigated in this paper is the KG wave that pertains to a spin less particle. The analysis is easily extended to a half spin Dirac particle ( calculations are a lot more involved). However, the essentials of the Resonant energization process are more or less the same ( there is very little difference in the KG and Dirac cases in the aforementioned regime when < E > /ω ≫ 1. More detailed solution of the KG, a complete solution of the Dirac equation, and the equivalent calculations for the gravitational waves will be the subject matter of forthcoming papers. Mostly analytical calculations will be supplemented by numerical solutions.
• One must, at least, comment on the probability of finding a particle that will be subjected to such Resonant Energization. I believe that the answer to this question requires considerable thought but the resonant condition ( < E > / < K z >= ω/k) does provide a clue -the resonant particles will be found only a small but non-zero sliver of the K ⊥ − K z phase space.
• This paper is limited to a conceptual formulation and delineation of the Resonant Energization mechanism. However, I will make some simple estimates for the efficacy of this process when the normalized energies are high. For qA/m ≫ 1, qA ≫ K ⊥ , Γ ≈ (qA/m) 3/2 (ω/ω p ). Let us examine the consequences of this formula in two different contexts (where conditions for Resonant energization might prevail):
1) High intensity laser plasma experiments: Consider a wave of amplitude qA/m ≈ 10 2 − 10 4 propagating in a barely under-dense plasma with ω/ω p ≥ 1. The Resonant solutions then correspond to a total normalized energy Γ = E/m ∼ (qA/m) 3/2 ∼ 10 3 − 10 6 of which the resonant boost factor Γ res ≈ (qA/m) 1/2 ≈ 10 − 10 2 ). Two straightforward experiments be proposed to look for the signatures of the proposed mechanism: a) qualitative-Searching for particles with "unexpectedly" high energies, b) quantitative-by testing the predicted scaling of the resonant energy with the wave amplitude Γ ≈ (qA/m) 3/2 .
2) In a cosmic setup, the plasma densities will be much smaller and ω/ω ≫ 1. One could, then, expect to generate a proton in the PEV energy range, Γ proton ≈ 10 6 ) by the combination qA/M p = 10 and ω/ω p = 10 5 [21] . With this mechanism, it is eminently possible to catapult protons to much higher energies since EM fields associated with cataclysmic events could be of a prodigious magnitude.
To the best of my knowledge, this is the first exposition of the existence and characteristics of super energetic particle states created by the resonant transfer of energy-momentum from intense EM (or gravitational waves) waves to relativistic particles-waves propagating in unison. This profound mechanism, then, should be seriously investigated as one of the processes that may be powering the most energetic cosmic rays.
